Fe-Ni system has been attracting broad attentions as an Invar alloy. Although the origin of the Invar effects has been explained based on the temperature variation of alignments and magnitudes of magnetic moments, two of the present authors (YC and TM) reported that the nonmonotonous temperature dependence of Coefficient of Thermal Expansion (CTE) were realized even without considering spin configurations explicitly. In the present study, we clarified that the main cause of the non-monotonous temperature dependence in CTE was atomic configuration effects which were originated from a peculiar concentration dependence of lattice constant in Fe-Ni system.
Introduction
In 1897, C. E. Guillaume found that Fe-35 at%Ni alloy with face-centered cubic (fcc) structure showed virtually no thermal expansion at around room temperature. 1) This alloy has been called Invar alloy and has some peculiar characteristics such as an abnormal temperature dependence of Coefficient of Thermal Expansion (CTE) and deviations from Vegard's law and Slater-Pauling curve.
25) Furthermore, other anomalous physical properties in heat capacity, magnetization, Curie temperature, and elastic modulus have been reported. 4, 5) These anomalous characteristic features in Invar alloys are known as Invar effects, and the full elucidation of the Invar mechanisms has been still awaited for years.
At present, an origin of the Invar effects is ascribed to a change in alignments and magnitudes of magnetic moments with temperature. 6, 7) However, two of the present authors (YC and TM) found that the non-monotonic temperature dependence of CTE in Invar alloy can be realized even without considering any spin configurations. 8) However, they have not offered the origin of non-monotonic behavior of CTE. The main purpose of the present study is to clarify a cause of the non-monotonic temperature dependence of CTE at Invar composition without specifying any spin configurations.
The organization of this paper is as follows. In the next section, theoretical procedures of calculating free energy and CTE are reviewed. Then the results are presented and discussed in the third section.
Calculation Procedure

Internal energy
Total energy calculations based on the spin polarized fullpotential linear augmented plane-wave (FLAPW) 9) within the generalized gradient approximation (GGA) 10) was performed for five kinds of fcc-based phases including pure Fe, Fe 3 Ni (L1 2 ), FeNi (L1 0 ), FeNi 3 (L1 2 ) and pure Ni. In addition, in order to define the segregation limit, an additional calculation was conducted to body centered cubic (bcc)-Fe. We note that unless bcc is specified, Fe means the one with fcc structure throughout this work. where E is a total energy, a is a lattice constant, and a 0 is an equilibrium lattice constant. Note that n = 0, 1, 2, 3 and 4 correspond to pure Fe, Fe 3 Ni (L1 2 ), FeNi (L1 0 ), FeNi 3 (L1 2 ) and pure Ni, respectively. In order to extract effective cluster interaction energies, the Cluster Expansion Method (CEM) 11) was employed. By using CEM, the heats of formation of each phase can be expanded as
where v m (a) is the effective cluster interaction energy for a cluster m and ² n m is a correlation function. The correlation function 14, 15) spans the orthonormal basis in the thermodynamic configuration space and is defined as the ensemble average of a spin operator, ·(p), which takes either +1 or ¹1 depending upon Fe or Ni located at a lattice point, p, and represents the atomic arrangement on the cluster m. M is the upper limit of the summation and is 4 for the present study. It should be noted that the value of the correlation functions for each cluster of each phase is uniquely determined. Thus, the explicit matrix notation of eq. (2) By using these effective cluster interaction energies, the internal energy of the system is written as
Vibrational free energy
It has been amply demonstrated that thermal vibration effects of the lattice affect the phase equilibria significantly.
1416) One of the most efficient methods to incorporate thermal vibration effects is to employ the DebyeGrüneisen model which is based on the quasi-harmonic approximation. The basic ingredient was proposed by Morruzi et al. 17) and the essential points are reproduced in the following.
By following the previous studies, 8, 18, 19) the heats of formation including the vibrational free energy of a particular phase n at a certain temperature, T, is given as 
where k B is the Boltzmann constant, # D is the Debye temperature and D(x) is the Debye function, and the first term of the vibrational energy represents the zero point energy. The Debye temperature, # D , is derived by fitting the heats of formation curve into four-parameter Morse potential. The readers interested in the numerical procedure should refer to the original article. 17) We further note that dot-product such as k B Á T Á Dð Â ðnÞ D T Þ in eq. (7) indicates ordinary multiplication and dot is introduced to avoid confusion of parameters.
Configurational entropy and free energy
Among various theoretical tools to estimate a configurational entropy, the Cluster Variation Method (CVM) 20) has been recognized as one of the most reliable methods. The procedure of deriving an entropy has been amply demonstrated in one of the author's review article, 12) and we simply reproduce the final expression of the entropy formulae within the tetrahedron approximation for a disordered phase in the following:
where N is the total number of lattice points, x i , y ij and w ijkl are cluster probabilities of point, pair, and tetrahedron clusters, respectively. The internal energy is generally derived from eq. (5) by using the heats of formations at 0 K. In this work, however, the heats of formation includes the vibrational free energy (eq. (6)). Thus, the effective cluster interaction energies and the internal energy are expressed as 
Together with the entropy term, the free energy of the disordered phase is given as
It is readily shown that the cluster probabilities, x i , y ij and w ijkl are linearly related to a set of correlation functions. 12, 13) Hence, the free energy in eq. (12) can be symbolically rewritten as Fða; T ; f² m gÞ. An equilibrium state is determined by minimizing the free energy with respect to both correlation functions and lattice constant,
By tracing the equilibrium lattice constant, a 0 , with temperature, the CTE defined as
was calculated.
Results and Discussions
Shown in Fig. 1 are the reproduction 8, 18, 19) of the calculated heats of formation of the pure metals and ordered compounds at the ground state. The energy reference state is the segregation limit which is the concentration average of total energies of bcc-Fe with ferromagnetic state and Ni. It is noted that the lattice constant of bcc-Fe is quite small as compared with other fcc-based phases of interests, and in order to facilitate a comparison, it is converted to the fcc-equivalent one by keeping the atomic volume. The accuracy of the calculated results was confirmed in the previous report. Fig. 2(b) . Although CTE in Fe-50.0 at%Ni decreases with the temperature drop, which is a typical behavior in an alloy, the one in Fe-35.0 at%Ni increases at around 250 K.
The non-monotonic behavior of CTE in Invar composition is similar to an experimental one.
2) Both CTE begin rising at around 250 K. However, the magnitude of CTE obtained in this work (>1.5 © 10 ¹5 K
¹1
) is quite different from the experimental one (<2 © 10 ¹6 K ¹1 ). It is presumed that the difference is caused from the fact that any magnetic spin configurations were not explicitly considered, and it would be essential to take changes in alignments and magnitudes of magnetic moments into account in order to reproduce Invar effects quantitatively. It is noted that CTE in Fe-35.0 at%Ni was not calculated below 150 K due to some numerical difficulties.
There are two possible causes for the non-monotonic temperature behavior of CTE obtained in this work. One is a change in atomic arrangements, and the other is lattice vibration. To clarify which cause is dominant, the calculation without considering lattice vibration was conducted by omitting the Debye-Grüneisen procedure in eqs. (6)(8).
Shown in Fig. 3 is temperature dependences of equilibrium lattice constant without considering lattice vibration effects. Lattice constant in Fe-35.0 at%Ni decreases significantly as temperature falls even not considering lattice vibration effects. Table 1 shows the variations of lattice constant from 300 K to 200 K in Fe-35.0 at%Ni and Fe-50.0 at%Ni, respectively. In Table 1 , (A) and (B) show the results with and without lattice vibration effects, respectively, and the differences in (A)(B) indicate a contribution of lattice vibration. It is realized that there is not much difference of the contributions between Fe-35.0 at%Ni and Fe-50.0 at%Ni. Thus, it is apparent that the main cause of the shrinkage of lattice at Invar composition is due to a change in atomic arrangements. , a (a.u.) E (Ry/atom) Δ Δ Fig. 1 Heats of formation of Fe, Fe 3 Ni, FeNi, FeNi 3 and Ni obtained by spin polarized calculation. 8, 18, 19) The broken line indicates the one of Fe with bcc structure. The segregation limit is defined as the concentration average of total energies of bcc-Fe and Ni. Table 1 Variations of equilibrium lattice constant in Fe-35.0 at%Ni and Fe-50.0 at%Ni from 300 K to 200 K. (A) is the variation with lattice vibration (see Fig. 2(a) ) and (B) is the one without lattice vibration (see Fig. 3 ). The right row is the difference between (A) and (B) and indicates a contribution of lattice vibration. Table 2 shows the cluster probabilities of five kinds of tetrahedron clusters, which constitute Fe-35.0 at%Ni disordered phases in Fig. 3 , at 200 K and 300 K. Their interatomic distances correspond to lattice constant in each phase. Table 3 shows equilibrium lattice constant in each phase at 0 K. From Table 2 , it is understood that as temperature drops from 300 K to 200 K, the cluster probability of the biggest cluster (see Table 3 ), Fe 3 Ni, decreases and the one of the smallest cluster (Table 3) , Fe, increases. This apparently contributes to the shrink of lattice constant in Fe-35.0 at%Ni disordered phase, leading to the increase of CTE as the temperature falls (see Fig. 2(b) ).
Heats of formation, lattice constant
However, there still remains a question why the abnormal temperature dependence of CTE occurs particularly in Fe-Ni system. This is due to the fact that the equilibrium lattice constants in ordered phases are bigger than the ones in both the constituent metals. Such a non-monotonic composition dependence of lattice constants is implied in Fig. 1 . The concentration dependences of lattice constant in disordered phases are further calculated and shown in Fig. 4 . It is clear that the concentration dependence deviates from Vegard's law and shows a non-monotonic behavior. This peculiar concentration dependence of lattice constant caused the abnormal temperature dependence of CTE in Fe-35.0 at%Ni.
The increase in CTE with the decrease of temperature at Invar composition may not be readily detected experimentally because atomic diffusions are seriously suppressed in such a low temperature region around 250 K (see Fig. 2(b) ). Yet, the results obtained in this work give us some insights into an interplay between the atomic configurations and lattice constant in considering the anomalous temperature dependence in CTE. This may subsidize the interpretation of Invar effects which has been exclusively attributed to magnetic effects.
Conclusions
We conducted the calculation of Coefficient of Thermal Expansion (CTE) in Invar composition, and a non-monotonic temperature behavior even without considering any spin configurations was confirmed. The results obtained are summarized as follows:
(1) The cause of the non-monotonic temperature dependence in CTE at Invar composition obtained by the calculation without considering any spin configurations is attributed to a change in atomic arrangements. (2) The non-monotonic temperature dependence of CTE in Fe-35.0 at%Ni obtained in this work is originated from a peculiar concentration dependence of lattice constant in Fe-Ni system. Although the non-monotonic temperature dependence of CTE at Invar composition could not be realized experimentally due to the difficulty of atomic diffusions at low temperature, the results obtained in this work give us some insights into an inter-play between the atomic configurations and lattice constant in considering the anomalous temperature dependence in CTE. The consideration of changes in alignments and magnitudes of magnetic moments into the calculation remains a subject of future work in order to reproduce Invar effects quantitatively. This is to be explored by employing Continuous Displacement Cluster Variation Method 21) which is an extension of CVM to continuous domain and has been extensively developed by authors' group. (Disordered phase) Fig. 4 Relations between equilibrium lattice constant in disordered phase and Ni concentration at 300, 600 and 900 K.
